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1 Introduction
This course will be divided into four main topics:

Section 1: Introduction and derivation of the governing equations
Section 2: Inviscid (i.e. non-viscous) flow
Section 3: Viscous Flow (and possibly something on very viscous flows)
Section 4: Hydrodynamic instabilities and turbulence.
Another way this subject is commonly divided is between viscous and inviscid

fluids and between compressible and incompressible fluids. A common starting
point is inviscid incompressible flow, which is the easiest to describe. In this
course we will only be concerned with incompressible fluids with and without
viscosity. This is suitable to describe the vast majority of common liquids and
most gases. A caveat for gases is that they can be treated as incompressible as
long as the velocities are significantly smaller than the speed of sound in the gas.

1.1 Introduction to Fluid Dynamics
A fluid can be a liquid or a gas. However, in fluid mechanics the main distinction
is between incompressible and compressible. Mathematically fluids are described
by a set of partial differential equations, similarly to most phenomena described
by 19th century Physics. No general solution is possible. These equations involve
velocity, pressure and density as functions of r and t.

The Continuum Hypothesis

Fluids are ultimately composed of atoms and molecules and therefore it’s is not
possible to define continuous quantities such as density to arbitrarily small dis-
tances.

The assumption that we are able to attach a meaning to pressure, velocity and
other such quantities at a point r and t is called the continuum hypothesis. This
effectively splits the fluid into a large number of small cells large enough to define
continuous quantities such as pressure and small enough to think of their positions
as a point, i.e.:

a� l� L

where a is the microscopic length scale of the constitute matter, e.g. nm for
atoms, l is the linear dimension of the cell and L is the macroscopic length scale,
e.g. cm, on which we are considering the flow. As an example, for a ≈ 10−9m,
L ≈ 10−1 a cell dimension of l ≈ 10−6 could be chosen. Assuming that there
are 1020 molecules in the volume L3 this means that there are 10(20−15) = 105
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molecules in a cell of l3, enough to meaningfully talk about pressure, density etc.

What is a fluid and what it is not? There are things that might appear like a
fluid but are not, such as non-drip paint, jellies and toothpaste (thixotropic solids)
or silly putty (viscoelastic solids). This course is concerned only with Newtonian
fluids.

Velocity

The velocity is u = (u, v, w) in Cartesian coordinates. Here we are using an
Eulerian coordinate system (as opposed to the Lagrangian). We describe a fixed
spatial point in a flow field where the fluid flows past with

r = (x, y, z) = x̂i + yĵ + zk̂

In general, u = u(r, t). If u is independent of t, so that ∂u/∂t = 0 (i.e.
u = u(r)) the flow is called steady.

Streamlines

Figure 1: Photographs of laminar flow around a sphere in a Hele-Shaw cell.
Taken from <http://www.uh.edu/engines/heleshawflow.jpg>

A streamline is a curve which, at a particular time t0, has the same direction
as u = u(r, t) at a point r. The equation for a streamline is

dr = λu(r, t0)

or explicitly
dx = λu, dy = λv, dz = λw

where λ is a constant. To find the streamlines we need to solve

dx

u(x, y, z, t0)
=

dy

v(x, y, z, t0)
=

dz

w(x, y, z, t0)

2
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In the case of steady flow (∂u/∂t = 0) the paths of the fluid particles coincide
with the streamlines, i.e. a particle placed in the fluid would follow the streamline.
In the case of unsteady flow, streamlines and pathlines are quite different. The
pathlines are found by solving

dr

dt
= u(r, t)

or explicitly

dx

dt
= u(x, y, z, t),

dy

dt
= v(x, y, z, t),

dz

dt
= w(x, y, z, t)

Solutions to these equations are of the form x = x(t), y = y(t), z = z(t).

Figure 2: A stream surface. Solid blue lines and broken grey lines represent the
streamlines. The red arrows show the flow velocity which is tangential to the
streamline. C1 and C2 are streamtubes. Taken from <http://en.wikipedia.org/wiki/

File:Streamlines_and_streamtube.svg>

We can capture the bulk of the properties of a fluid by drawing the streamlines
through all points of a small closed curve, this forms a streamtube, see Fig. 2.

Examples

1. Steady Flow u = (x2, xy, 0)
Therefore

dr = (dx, dy, dz) = λ(x2, xy, 0)

dx

x2
=
dy

xy
; dz = 0

We see that z is a constant and integrating the expression

dx

x
=
dy

y

we find, with A as a constant of integration

y = Ax

3
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2. Unsteady Flow u = (t− y, t− x, 0)
(i) Streamlines

(dx, dy, dz) = λ(t− y, t− x, 0)

We see that z is again is a constant and that

dx

t− y
=

dy

t− x
⇒ (t− x)dx = (t− y)dy

(x− t)2 − (y − t)2 = constant

(ii) Pathlines
dx

dt
= t− y, dy

dt
= t− x, dz

dt
= 0

d2x

dt2
= 1− dy

dt
= 1− (t− x) = 1 + x− t

d2x

dt2
− x = 1− t

Using the method of undetermined coefficients the solution is found using the
particular function P with the complementary function C.

Aside: the method of undetermined coefficients is a way of solving nonhomo-
geneous differential equation of the form:

y′′ + a(t)y′ + b(t)y = f(t)

The method consists of guessing yP (t) (a particular solution) based on the form
of f(t) and leaving the coefficients undetermined. If we can determine the coeffi-
cients with the guess, it was correct.

If y1(t), y2(t), ..., yn(t) are solutions to a differential equation the the general
solution is

Y (t) = c1y1(t) + c2y2(t) + ...+ cnyn

If we have a particular solution to this equation, this can be expressed as

Y (t) = yC + yP

where yC = c1y1(t) + c2y2(t) + ... + cnyn is the complimentary solution and yP
the particular solution.

xP (t) = t− 1

xC(t) = Aet +Be−t

The general solution to this is

x(t) = Aet +Be−t + t− 1 y(t) = −Aet +Be−t + t− 1 z(t) = c

4
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We can eliminate t in these equations

x− y = 2Aet ⇒ t = ln|x− y|+ k

And hence

x+ y =
D

x− y
+ 2 ln|x− y|+ E & z = 0

1.2 The Governing Equation of Fluid Dynamics
1.2.1 The Equation of Continuity

This is essentially the conservation of mass. This tells us that the rate of change
of mass of a region is equal to the mass flux through its boundaries. Consider an
infinitesimal area dA and a fluid velocity u. The volume of the cylinder leaving
the region through dA in time ∆t is h dA. Rearranging this

h = |u|cosθ∆t = u · n∆t

As illustrated in figure 6:

Figure 3: Mass flux through a boundary (side-on view)

So the rate of change of volume is u·n dA . Multiplying both sides by u·n and
replacing n dA by the vector area dS we get the mass flux through an infinitesimal
area

ρ u · dS

Thus the rate of loss of mass from the region is given by∫
S

ρu · dS (1)

We are now in a position to find the law of mass conservation as the rate of flow
of mass through a surface (small area of surface enclosing a volume of fluid) has

5
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to be balanced by the rate of change of mass through this volume, if we fix V we
have

d

dt

∫
V

ρ(r, t)dV =

∫
∂ρ

∂t
dV

Using the divergence theorem on equation (1) we have∫
ρu · dS =

∫
O · (ρu)dV

Equating these gives us
∂ρ

∂t
+ O · (ρu) = 0 (2)

This is the equation of continuity, where ρ = ρ(r, t) and u = u(r, t). We now
need to introduce the concept of rate of change of following the fluid. In fluid
dynamics we’re not so interested in ∂ρ/∂t at fixed r, but the rate of change of ρ
following the fluid. This essentially involves looking at changes in the fluid in a
reference frame that moves along with the average flow of the fluid.

Suppose the function f(x, y, z, t) is a scalar function of position and time. The
rate of change following the fluid is given by

Df

Dt
≡ d

dt
F (x(t), y(t), z(t), t) (3)

Where we have already defined dx
dt

= u, dy
dt

= v and dz
dt

= w. So using the chain
rule we have

Df

Dt
=
∂f

∂t
+
∂f

∂x

dx

dt
+
∂f

∂y

dy

dt
+
∂f

∂z

dz

dt

−→ Df

Dt
=
∂f

∂t
+ u

∂f

∂x
+ v

∂f

∂y
+ w

∂f

∂z

This can be summarised as

Df

Dt
=
∂f

∂t
+ (u · O) f (4)

Now we rewrite the equation of continuity in terms of absolute derivatives, firstly
using the identity

O · (fg) = fO · g + g · Of

which gives us
∂ρ

∂t
+ (u · Oρ) + ρO · u = 0

this can be written as
Dρ

Dt
+ ρO · u = 0 (5)

6
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Note: the same form of an absolute derivative holds for a vector function too -
suppose we have some vector function g = g1î + g2ĵ + g3k̂. We have

−→ Dga
Dt

=
∂ga
∂t

+ (u · O)ga

Dg

Dt
=

1→3∑
a

Dga
Dt

â

−→ Dg

Dt
=
∂g

∂t
+ (u · O)g

Example: g could be u. Thus the acceleration following the fluid would be -

Du

Dt
=
∂u

∂t
+ (u · O)u

In many cases the fluid may be assumed to be incompressible - i.e. Dρ
Dt

= 0. Thus
from the equation of continuity one can see that O · u = 0 for incompressible
flow!

The following two end equations are useful to describe fluid relations, however
the derivations are not needed. They are essentially - Newtons law (equation (7))
and Conservation of energy (equation (8)) relation. These three equation govern
the kinematics of most of this lecture course

Dρ

Dt
+ ρO · u = 0 (6)

ρ
Dua
Dt

= ρFa +
3∑
b=1

∂σab
∂rb

(7)

ρ
De

Dt
=

3∑
a=1

3∑
b=1

σab
∂ua
∂rb
− O · q (8)

Where a = 1, 2, 3 gives components in a 3D system, F ≡ force on fluid, σab ≡
stress tensor and q ≡ is the rate of heat flux.

1.2.2 Conservation of Momentum

NB: The rest of Section 1.2 is general background and not directly examinable.
This is basically Newton’s second law applied to element of the fluid.Suppose

dV is an infinitesimal volume moving with the fluid. Then by Newton’s second
law

Force on the infinitesimal volume = [ ρ(r, t)dV ]
Du

Dt
.

7
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This means that the total force acting on the fluid contained in a fixed region of
volume V is ∫

V

ρ(r, t)
Du

Dt
dV.

Clearly now we need to find expressions for the forces which act on fluids. These
are of two types:

The first type are long range forces like gravity. They are capable of penetrat-
ing into the interior of the fluid and act on all elements of the fluid.

On a small element, these long range forces will not vary appreciably, which
implies that the total force is simply proportional to the size of the volume element.
They are known as volume or body forces.

(i) Body or volume forces:

Resultant of body forces acting on a volume element dV =

F(r, t) ρ(r, t) dV,

where F(r, t) is the resultant body force per unit mass (e.g. F = g in Earth’s
gravitational field).

The second type of forces are short-ranged forces of molecular origin. Since
they are short-ranged they can only act on a thin layer adjacent to the boundary
of the fluid element. So these forces are determined by the surface area of the
elements, and not by the volume of the element.

(ii) Surface forces which act only at the boundary:

Resultant of surface forces acting on the surface element dA =

Σ(n, r, t) dA,

where n is the normal to the area dA, since the force is expected to depend on the
orientation of the small area, that is, on n, as well as on dA.

The force per unit area, Σ, is called the stress.

Comment: The convention used here is that Σ is the stress exerted by the fluid
on the side of the surface element to which n points, on the fluid on the side which
n points away from.

In summary, the total force acting on the fluid equals∫
V

F(r, t) ρ(r, t) dV +

∫
S

Σ(n, r, t) dA.

8
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This must equal
∫
V
ρ(r, t)(Du/Dt) dV . Clearly we would like to know more

about Σ, so that we can convert the second integral into a volume integral, and so
get a differential form for Newton’s second law.

Dependence of Σ on n

Let us suppose that our surface element has an area dA and a unit normal n.
To see how Σ depends on n we project this area onto three arbitrary orthogonal
directions; the projected areas in these directions being denoted by dA1, dA2 and
dA3. The element of volume created in this way has the form of a tetrahedron:

So the sum of the surface forces =

Σ(n, r, t) dA+ Σ(−e1, r, t) dA1 + Σ(−e2, r, t) dA2 + Σ(−e3, r, t) dA3,

since −e1,−e2 and −e3 are the outward normals, hence the sign.

From geometry

dA1 = e1.n dA, dA2 = e2.n dA, dA3 = e3.n dA,

so the sum of the surface forces equals{
Σ(n, r, t) +

3∑
b=1

[(e1)bΣ(−e1, r, t)

+(e2)bΣ(−e2, r, t) + (e3)bΣ(−e3, r, t)] nb

}
dA

Now if we change the direction of n then the direction of the force changes
sign: Σ(−n, r, t) = −Σ(n, r, t), that is, the force is an odd function of n. Simi-
larly, Σ(−eb, r, t) = −Σ(eb, r, t), for b = 1, 2, 3.

9
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So the sum of the surface forces equals{
Σ(n, r, t)−

3∑
b=1

[(e1)bΣ(e1, r, t)

+(e2)bΣ(e2, r, t) + (e3)bΣ(e3, r, t)] nb

}
dA

Now the other two terms in Newton’s second law applied to the tetrahedron are
of order dV , that is of order L3, where L is the linear dimension of the tetrahedron,
but the surface term we have derived is only of order dA, that is of order L2.

So as L→ 0, the only way this equation can be satisfied is if the coefficient of
dA is identically zero, that is,

Σa(n, r, t) =
3∑
b=1

[(e1)bΣa(e1, r, t)

+(e2)bΣa(e2, r, t) + (e3)bΣa(e3, r, t)] nb.

We can write this as

Σa(n, r, t) =
3∑
b=1

σab(r, t)nb,

where

σab(r, t) = [(e1)bΣa(e1, r, t) + (e2)bΣa(e2, r, t) + (e3)bΣa(e3, r, t)] .

It is clear that σab(r, t) does not depend on n, and so all the (linear) n depen-
dence in Σ has been identified.

It also follows that σab(r, t) is a characteristic of the fluid. It is called the stress
tensor.

So Newton’s second law applied to a fluid now reads∫
V

ρ(r, t)
Dua
Dt

dV =

∫
V

Fa(r, t) ρ(r, t) dV +

∫
S

3∑
b=1

σab nbdA, a = 1, 2, 3.

The last term can now be converted to a volume integral, and so we find∫
V

ρ(r, t)
Dua
Dt

dV =

∫
V

Fa(r, t) ρ(r, t) dV +

∫
V

3∑
b=1

∂σab(r, t)

∂rb
dV,

10
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where a = 1, 2, 3.

But this holds for all regions and so

ρ(r, t)
Dua
Dt

= Fa(r, t) ρ(r, t) +
3∑
b=1

∂σab(r, t)

∂rb
, a = 1, 2, 3.

This is Newton’s second law for fluids. It involves ρ(r, t) and u(r, t) again,
but also F and σab, which we potentially know little about.

It is usually assumed that F is given (for instance, it frequently is the gravi-
tational force), but so far we know nothing about the stress tensor. We can show
by taking moments that it is symmetric: σba = σab, but this still gives us six
components to determine.

1.2.3 Conservation of Energy

Energy is conserved in a fixed volume of fluid, provided that we include heat as a
form of energy as in the first law of thermodynamics:

Rate of increase of energy in a fixed volume of fluid

= [Rate of energy that flows in through the boundary S]

+ [Work done per unit time on the fluid in the volume V ]

+ [Rate of heat gain by conduction through the boundary S]

We now investigate each of these contributions in turn.

The total energy of the system can be divided into three parts:

(i) The kinetic energy which is associated with the macroscopic motion of the
fluid in the fixed region under study.

(ii) The potential energy of the external force F(r) (here we will assume that F
does not depend on time, and is conservative).

(iii) The potential energy of the internal (molecular and atomic) forces in the
system i.e. the internal energy, E, of the fluid in the fixed volume.

We now, as usual, focus on an infinitesimal volume, dV , of the fluid. If etotal

is the total energy per unit mass and e is the internal energy per unit mass, then

Kinetic Energy =
1

2
(ρdV ) u2

Potential Energy = (ρdV )χ, if F = −∇χ.

11
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That is,

ρdV etotal =
1

2
(ρdV ) u2 + (ρdV )χ+ ρdV e

or etotal =
1

2
u2 + χ+ e.

So for the entire (fixed) region:

dEtotal

dt
=

d

dt

∫
V

(
etotalρ

)
dV =

∫
V

∂

∂t

(
etotalρ

)
dV

=

∫
V

∂

∂t

(
1

2
ρu2 + ρχ+ ρe

)
dV.

Now we go on to the second term — the energy lost (or gained) from the flow
of the fluid through the boundary.

If dA is a small area of the boundary, then the rate at which mass is lost through
this small area is ρu.ndA.

So the rate at which energy is lost through dA is etotalρu.ndA.

This gives the rate at which energy crosses the boundary due to macroscopic
motion of the fluid to be ∫

S

ρ

[
1

2
u2 + χ+ e

]
u.n dA.

We now go on to quantify the third term: the work done by the forces acting
on the fluid.

The force F does no work, since it is conservative, and we have already in-
cluded the potential χ from which it is derived, in the energy term.

However work is done by the surface force: the rate of work done by the
surface force through dA equals

(Force on the fluid at dA) . (velocity through dA)

= (Σ dA) .u =
3∑

a=1

{
3∑
b=1

σabnbdA

}
ua =

3∑
a=1

3∑
b=1

σabuanbdA.

Finally, we include heat loss by conduction. If q(r, t) is the rate of heat flux,
then

Rate of heat flow out of area dA = q.n dA

12
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Putting everything together we have the mathematical statement of energy
conservation:

∫
V

∂

∂t

[
1

2
ρu2 + ρχ+ ρe

]
dV = −

∫
S

ρ

[
1

2
u2 + χ+ e

]
u.n dA

+

∫
S

[(
3∑

a=1

3∑
b=1

σabuanb

)
− q.n

]
dA

The minus sign is in front of the q.n term because q.n dA is the flow out of
the area dA, and so - q.n dA is the flow into it. This is how we define the sign of
heat: it is added to the (fluid) system by the surroundings.

Now the right-hand side of this equation can also be written as

−
∫
V

{
div

(
u

[
1

2
ρu2 + ρχ+ ρe

])
−

[
3∑

a=1

3∑
b=1

∂

∂rb
(σabua)

]
+ div q

}
dV

But this holds for all regions and so

∂

∂t

(
1

2
ρu2 + ρχ+ ρe

)
+ div

(
u

[
1

2
ρu2 + ρχ+ ρe

])

=

[
3∑

a=1

3∑
b=1

∂

∂rb
(σabua)

]
− div q

This is the equation for the conservation of energy. It looks quite complicated,
but we can simply it considerably as follows:

(a) We would like to introduce the rate of change ‘following the fluid’. To do
this we first simplify the div in the second term using the identity div(fg) =
fdivg + g.gradf , where f(r, t) and g(r, t) are scalar and vector functions
respectively which here are taken to be f = (1/2)u2 + χ+ e and g = ρu.

(b) Writing the first term as ∂/∂t[ρ f ] and then differentiating this product.

These two steps taken together give for the left-hand side of the equation:

ρ
∂

∂t

[
1

2
u2 + χ+ e

]
+

[
1

2
u2 + χ+ e

]
∂ρ

∂t

+

[
1

2
u2 + χ+ e

]
div (ρu) + ρu.∇

[
1

2
u2 + χ+ e

]
.

13
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But using the equation of continuity ∂ρ/∂t + div(ρu) = 0, the second and
third terms add to zero. In addition, the first and fourth term add together to give
the required rate of change ‘following the fluid’. So the left-hand side of the
equation collapses down to

ρ
D

Dt

[
1

2
u2 + χ+ e

]
.

So the equation expressing conservation of energy can now be written as

ρ
D

Dt

[
1

2
u2 + χ+ e

]
=

[
3∑

a=1

3∑
b=1

∂

∂rb
(σabua)

]
− div q.

In fact we can simplify this equation even further. This is because the purely
mechanical types of energy, represented by (1/2)u2 and χ, can be eliminated
using Newton’s second law.

To see this, we start by dotting Newton’s second law with u to get

ρ
3∑

a=1

ua
Dua
Dt

= ρ
3∑

a=1

uaFa +
3∑

a=1

3∑
b=1

ua
∂σab
∂rb

.

We now note two relations:

Firstly,

Dua
Dt

=
∂ua
∂t

+
3∑
b=1

ub
∂ua
∂rb

⇒
3∑

a=1

ua
Dua
Dt

=
1

2

∂u2

∂t
+

1

2
ub
∂u2

∂rb

=
1

2

Du2

Dt
.

Secondly,

Dχ

Dt
=
∂χ

∂t
+ u.∇χ =

Dχ

Dt
= u.∇χ = −u.F,

since χ is time-independent.

Putting these to results into the expression for Newton’s second law dotted
with u gives

ρ
D

Dt

[
1

2
u2 + χ

]
=

3∑
a=1

3∑
b=1

ua
∂σab
∂rb

.

14
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Subtracting this from the equation of conservation of energy gives a simpler
equation for energy conservation:

ρ
De

Dt
=

3∑
a=1

3∑
b=1

σab
∂ua
∂rb
− div q.

1.2.4 Summary: the five equations of fluid dynamics

To reiterate, the main equations for fluid dynamics are:

Dρ

Dt
+ ρ div u = 0, mass conservation

ρ
Dua
Dt

= ρFa +
3∑
b=1

∂σab
∂rb

, a = 1, 2, 3, Newtons second law

ρ
De

Dt
=

3∑
a=1

3∑
b=1

σab
∂ua
∂rb
− div q, energy conservation.

1.3 The constitutive relations of fluid dynamics
The 1st part of deriving the governing equations of fluid dynamics was the use
of conservation laws (see above). The 2nd part is now to relate the quantities the
arise in these equations (e.g. σab, q etc.) to more fundamental quantities (e.g.
pressure, density etc..). To do this we use phenomenology. For example Fourier’s
Law states:

q = −kOT (9)

The key point here is that the relation is linear in OT and T has a gradual spatial
variation. The question now is, what phenomenological form shall we take for the
stress tensor σab?

Take the simple flow example, characterised by figure 4: The velocity profile
of this system is found to be

u(y) =
V y

h

By varying V and h and measuring the retarding force, one finds that the tangential
stress is directly proportional to the velocity gradient:

τ =
µV

h
= µ

du

dy

15
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Figure 4: Simple case of laminar flow down a infinitely long pipe of height h. The
fluid is initially stationary, flow is created by moving the top boundary relative to
the bottom at a speed V .

Here µ is a coefficient of proportionality called the coefficient of viscosity. In
many cases we assume that the flow is inviscid (no viscosity). For inviscid fluid
there are only normal forces - no tangential forces. In this case Σ will be normal
to the surface (i.e. in the same direction as n).

Thus for inviscid fluids at rest, we set:

−→ Σ = −pn

where p is pressure (minus sign is because Σ is defined as the force per unit area
in the inwards direction). Since we have defined Σ such that:

Σa =
3∑
b=1

σabnb −→ σab = −pδab

This is for inviscid fluids or a fluid at rest. For a viscous fluid - we write

σab = −pδab + σ′ab

where
σ′ab =

∂ua
∂rb

Here σ′ab is the dissipative (frictional) contribution to the stress tensor. The im-
portant point here is that the dissipative part is a linear function of the velocity
gradients ∂ua

∂rb
.

The general theory of tensors shows that for σab to have the right properties
(invariance) - it can only depend on the symmetric traceless tensor ∂ua

∂rb
and its

trace:

σ′ab = µ

[
∂ua
∂rb

+
∂ub
∂ra
− 2

3
δabO · u

]
+ ζδabO · u

16
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Where the coefficients µ and ζ are independent of velocity ( restated: µ ≡ coeffi-
cient of shear viscosity and ζ ≡ bulk viscosity)

Looking at the special case of u = (u, 0, 0) and where u depends only on y (as
in figure 4) then O · u = 0 and σ′12 = σ′21 = µdu

dy
. Which is the result postulated

earlier where σ′12 = σ′21 = τ
If σ′ab takes a linear form the fluid is called a Newtonian fluid ( Polymers are

examples of non-Newtonian fluids ). Simply for reference note:

• For water at 20oC −→ µ = 1.002× 10−3 kg m−1 s−1

• For water at 40oC −→ µ = 0.653× 10−3 kg m−1 s−1

1.3.1 The Navier-Stokes equations

The stress tensor appears in the equations of motions in the form

3∑
b=1

∂σab
∂rb

= − ∂p

∂ra
+ µO2ua +

(
ζ +

1

3
µ

)
∂

∂ra
(O · u)

This can also be written as -
3∑
b=1

∂σab
∂rb

=

[
−Op+ µO2u +

(
ζ +

1

3
µ

)
O (O · u)

]
a

So the equation of motion becomes:

ρ
Du

Dt
= ρF− Op+ µO2u +

(
ζ +

1

3
µ

)
O (O · u)

For incompressible fluids we know that Dρ/Dt = O · u = 0. This is why we
deal with these first as the equation of motion collapses down to:

ρ
Du

Dt
= ρF− Op+ µO2u (10)

This the Navier-Stokes equation and is the central equation of fluid dynamics.
This is studied under various particular conditions, for instance:

1. Inviscid flow (µ = 0)

2. Lubrication theory (where viscous forces are dominant)

3. Magnetohydrodynamics (considering EM-fields and fluids)

4. Hydrodynamic instabilities

5. Turbulence

17



Physics of Fluids A. McKane

2 Inviscid flow

2.1 Governing Equations and Boundary Conditions
In inviscid flow, viscosity is negligible so Σ = −pn, i.e. µ = 0, reducing the
Navier-Stokes equation to:

ρ
Du

Dt
= ρF− Op (11)

which is known as Euler’s equation, with the additional constraint for incom-
pressible fluids of O · u = 0 or Dρ

Dt
= 0. These are easier to solve than the full

Navier-Stokes equations but the term on the LHS (u ·∇) ·u means that this equa-
tion is still non-linear.

Boundary Conditions to the Euler equation simply consists of conditions sim-
ilar to that illustrated in Fig. 4

(1) For a fixed boundary the flow is zero normal to the surface
B un = 0 on boundary where un = u · n
(2) For moving boundaries, suppose it has velocity U (on S)
B u · n = U · n (On the surface)

2.2 Bernoulli’s Equation
We begin by writing Euler’s eq.

Du

Dt
=
∂u

∂t
+ (u·∇)u = F− 1

ρ
∇p

in a slightly different way using the identity ( see example sheet 1 Q2)

(g·∇)g = ∇
(

1

2
g2

)
− g × (∇× g)

applying this with g = u we get

∂u

∂t
+∇

(
1

2
u2

)
− u× (∇× u) = −∇χ− 1

ρ
∇p

where we have assumed that F = −∇χ.
Now assume steady steady flow (∂u

∂t
= 0) and integrate between two points (A,B)

along a streamline. If dr is an element of length along the streamline, then

dr·∇χ = dx
∂χ

∂x
+ dy

∂χ

∂y
+ dz

∂χ

∂z
= dχ

18
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and similarly for∇P , gives

d

(
1

2
u2

)
= −dχ− 1

ρ
dp

since u× (∇× u) ⊥ dr. Rearranging and integrating leads to

1

2
u2 + χ+

∫ B

A

dp

ρ
= constant (12)

This is Bernoulli’s Equation and is useful for the calculation of the pressure,
once the velocity u is known.

If the fluid is homogeneous, the density is constant; then

1

2
u2 + χ+

dp

ρ
= constant

Another form of Bernoulli’s eq. can be derived from∇× u = 0. This gives

d

(
∂φ

∂t

)
+ d

(
1

2
u2

)
+ dχ+

1

ρ
dp = 0

where u = ∇φ; i.e.

1

2
u2 + χ+

∫
dp

ρ
+
∂φ

∂t
= f(t)

where f(t) is an arbitrary function of time (t has been kept fixed during inte-
gration).

Example 1 Large Reservoir
If we want to calculate the velocity of the flow in the narrow tube on the bottom
right of the reservoir shown in Fig. 5. A reservoir is assumed to be large enough
that the surface is approximately at rest while supplying water to a small opening
on a tube at its bottom.

To find the velocity of the water flowing out of the pipe we equate Bernoulli’s
Eq.( eq.12) for top and bottom of the reservoir (Bernoulli’s eq. is valid along the
same streamline).

0 + gh+
patm
ρ

= 1/2u2 + 0 +
patm
ρ

⇒ u2 = 2gh

This is the same result that we would get from considering the conservation of
energy.

19



Physics of Fluids A. McKane

Figure 5: Diagram of a large reservoir supplying a narrow tube.

Example 2 Narrowing inclined pipe
We have a pipe of length l, inclined at an angle α to horizontal axis. The radius at
the upper end 2a is twice the radius a of the lower end. The pressure of the water
at the upper end is twice that of the lower end. What is the velocity of the water
at the lower end?

Figure 6: Diagram of a narrowing inclined pipe.

The water has the speed u1 and u2 at the upper and lower end respectively.
Using the Bernoulli equation:

2p

ρ
+

1

2
u2

1 + gl sinα =
p

ρ
+

1

2
u2

2 + 0

to find the relation between u1 and u2 we can use the equation of continuity
(in its integral form) ∫

V

∂ρ

∂t
dV +

∫
S

ρu·n̂ dA = 0

ρ = constant −→
∫
S

u·n̂ dA = 0
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Applying this to our tube we see that the only surface through which there is
fluid flow are the top and bottom end of the tube. Thus

−u1[π(2a)2] + u2[πa2] = 0

where −u1 is negative because is its direction is opposite to normal (from on
side the flow come in, from the other it goes out, thus the opposite signs).Therefore
4u1 = u2 and so

p

ρ
+ gl sinα +

1

2

(
u2

2

16

)
=

1

2
u2

2

⇒ u2
2 =

32

15

(
gl sinα +

p

ρ

)
NB In the previous example, the continuity equation would be

A1u1 = A2u2

where A1 is the surface area of the reservoir and u1 the velocity and similarly,
the cross-sectional area of the tube is A2 through which water flows at velocity
u2. The assumption we made was that the reservoir is large enough such that
A1 →∞ and u1 → 0 in such a way that their product is finite.

2.3 Vorticity
Vorticity is defined as ω = ∇× u.
This describes the amount of local spinning that an observer following the flow
along a streamline would see. As we will see it turns out that many flows have
zero vorticity; in fact rotation does not imply a non-zero vorticity (e.g. vortices
in superfluids have ∇ × u = ∇ × ( ~

m
∇θ) = 0 ). Aside:Wikipedia has some

illuminating animations/diagrams on Vorticity.

In this section we will:
• Show that irrotational flows are easy to study
• Discuss the physical meaning of vorticity
• Show why irrotational flows are so common

2.3.1 Irrotational is easy

From vector analysis we know

∇× u = 0⇔ u = ∇φ (compare to electric potential)

21
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where φ is the velocity potential (another convention is to define potentials as
u = −∇φ), but if the fluid is incompressible then∇ · u = 0.

⇒ ∇2φ = 0 Laplace′s eq.

thus it is linear and hence easier to solve.

Dρ
Dt

= 0

Continuity Eqn.
incompressible
−−−−−−−−−−−→

∇ · u = 0

Bernoulli’s Eqn

Euler eqn irrotational−−−−−−−−→
∇× u = 0

Approach to problems

1. determine φ and thus u = ∇φ

2. determine ρ from Dρ
Dt

= 0 (skip this step when density is constant)

3. determine p from Bernoulli’s eq.

2.3.2 What does vorticity physically mean?

Imagine we have a flow where fluid particles move in a circular path about the z
axis , in cylindrical polar coordinates

ur = uz = 0, uθ = uθ(r)

a) Suppose fluid rotates as a rigid body (unphysical) then uθ = rΩ and thus
vorticity

ω = ∇× u → ωz =
1

r

∂

∂r
(ruθ) = 2Ω, ωθ = ωr = 0

a rigid body, for example a car on a track, changes its orientation in space, so
that its axis is tangential to the track
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b) Vortex

uθ =
k

r
⇒ ω = 0

but this is undefined at the origin. As an example imagine a matchstick floating
in a river going round a bend; the river is rotating around a bend however the
matchstick will retain its orientation, so it has no vorticity.

c) Refer back to the flow between two parallel plates in Fig. 4.

u = f(y), v = w = 0 → ωz = −∂u
∂y
, ωx = ωy = 0

in fact if at a certain time we defined a cube of that fluid with a red colourant,
as time passes the red cube will deform; so it has some vorticity

2.3.3 Kelvin’s Theorem

Why is irrotational flow (ω = 0) so common? Imagine a close contour C, which
moves with the fluid i.e. it always consist of the same particles. The circulation
Γ, is defined as

Γ =

∮
C

u · dr (13)

Kelvin’s Theorem: The circulation Γ does not change with time for an inviscid
fluid, when acted upon a conservative force. Therefore the time derivative of the
circulation is zero:

DΓ

Dt
= 0

Proof
DΓ

Dt
=

∮
D

Dt
(u·dr) =

∮ [
Du

Dt
· dr + u

D

Dt
· dr
]

However
D

Dt
(dr) = d

Dr

Dt
= du

thus the second term becomes∮
C

u · du =
1

2

∮
C

d(u2) = 0
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because the integration is around a closed loop and thus u2 is the same at start
and end. The first term of eq. 2.3.3 can be expanded using Euler’s eq. 11∮

C

Du

Dt
· dr =

∮
C

(−∇χ− 1

ρ
∇p) · dr

=

∮
C

(−dχ− 1

ρ
dp) = 0

again because start and ending point values are the same. Therefore Γ does
not change with time.

Comment If we had used the N-S eq. 10 and thus would have considered a
fluid with viscosity this would not have been true:

DΓ

Dt
=

∮
C

(
µ

ρ
∇2u) · dr 6= 0

Figure 7: Schematic of irrota-
tional flow past an aerofoil

Consequences of Kelvin’s theorem: If the
flow is initially irrotational it remains irrota-
tional at all times (inviscid fluid). Suppose
we have an irrotational flow, at time t=0

Γ =

∮
C

u·dr =

∫
S

(∇× u) · n dA

=

∫
S

ω ·n̂ dA = 0 (since ω = 0)

for all circuits. But Kelvin’s theorem tells us that
∫
S
ω · n̂ dA = 0 for all t.

Therefore if a flow starts irrotational it remains irrotational (for an inviscid fluid).
E.g. flow past an aerofoil. If the fluid was irrotationally initially it must remains
so even after having passed over the wing.

2.4 Potential Flow
In section 2.3.1 we found that given an irrotational and incompressible flow (∇×
u = 0⇒ u = ∇φ, ∇ · u = 0) we can defined a velocity potential φ which

∇2φ = 0

where
φ =

∫
u·dr

Equipotential surfaces, when φ(x, y, z, t) = constant are orthogonal to stream-
lines.
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Proof at fixed time

dφ =
∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz

= udx+ vdy + wdz = u·dr = 0

thus u ·drε = 0 where drε is a small increment along the equipotential; thus
equipotentials are perpendicular to the velocity u. But at fixed time the streamlines
are defined by u ·drstreamline . This means that equipotentials are cut orthogonally
to the streamlines.

Many flows are approximately 2D. Physically, w k̂ is much smaller that the
other two (e.g in the atmosphere movement in the vertical direction usually <
5m/s, are usually much weaker than that in the horizontal direction, however
they are still extremely important for weather prediction), and ∂u

∂z
, ∂v
∂z

are small.
Mathematically

→ w = 0 and u = u(x, y), v = v(x, y)

If we define a streamline function ψ(x, y) so that

u(x, y) =
∂ψ

∂y
, v(x, y) = −∂ψ

∂x
(14)

we have
∂u

∂x
=

∂2ψ

∂x ∂y
,

∂v

∂y
= − ∂2ψ

∂y ∂x

and since partial derivatives are commutable we find that

∂u

∂x
= −∂v

∂y
→ ∂u

∂x
+
∂v

∂y
= 0

To interpret the meaning of ψ consider

dψ =
∂ψ

∂x
dx+

∂ψ

∂y
dy = −vdx+ udy

However, along a streamline dx = λu and dy = λv and so dψ = 0. Equivalently

u · ∇ψ = u
∂ψ

∂x
+ v

∂ψ

∂y
=
∂ψ

∂y

∂ψ

∂x
− ∂ψ

∂x

∂ψ

∂y
= 0

which means that the stream function ψ(x, y) is constant along streamlines.
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2.4.1 Summary ψ(x, y) and φ(x, y)

Key facts about ψ(x, y) and φ(x, y). First recall, in 2D:

∇f =
∂f

∂x
î +

∂f

∂y
ĵ, ∇.g =

(
∂g1

∂x
+
∂g2

∂y

)
, ∇× g =

(
∂g2

∂x
− ∂g1

∂y

)
k̂

Potential function φ(x, y) Defined only for irrotational flow, i.e. ∇ × u = 0.
From the curl we see that ∂v

∂x
= ∂u

∂y
and therefore there exists a function such that

u =
∂φ

∂x
and v =

∂φ

∂y

The incompressibility condition then gives:

∇2φ =
∂2φ

∂x2
+
∂2φ

∂y2
=
∂u

∂x
+
∂v

∂y
= ∇ · u = 0

Stream function ψ(x, y) Defined only for incompressible flows ∇ · u = 0, i.e.
∂u
∂x

= −∂v
∂y

. Therefore there exists a function such that

∂u

∂x
=

∂2ψ

∂x∂y
+

∂2ψ

∂y∂x
= −∂v

∂y

The irrotational condition gives,∇2ψ = 0 (as∇× u = 0). Also Note:

1.
(∇φ).(∇ψ) =

∂ψ

∂x

∂φ

∂x
+
∂ψ

∂y

∂φ

∂y
= u(−v) + vu = 0

2. To find the stream function in polar coordinates we use the chain rule.

∂ψ

∂r
=
∂x

∂r

∂ψ

∂x
+
∂y

∂r

∂ψ

∂y
= −v cos θ + u sin θ = −θ̂ · u = −uθ

∂ψ

∂θ
=
∂x

∂θ

∂ψ

∂x
+
∂y

∂θ

∂ψ

∂y
= rv cos θ + ru sin θ = rr̂ · u = rur

i.e. ur =
1

r

∂ψ

∂θ
and uθ = −∂ψ

∂r
.
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2.4.2 Examples

Uniform Flow In 2D u = U cosα and v = U sinα.
Hence∇× u = ∇.u = 0 and both ψ(x, y) and φ(x, y) exist.

∂φ

∂x
= U cosα =⇒ φ(x, y) = Ux cosα + f(y)

∂φ

∂y
= f ′(y) = U sinα =⇒ f(y) = Uy sinα + constant

Therefore φ(x, y) = Ux cosα + Uy sinα + constant
Similar calculations yield, ψ(x, y) = Uy cosα− Ux sinα + constant.
As streamlines are lines of constant ψ:

y = x tanα + C

Straining Flow In 2D

u =
∂φ

∂x
= kx v =

∂φ

∂y
= −ky

As ∇× u = ∇.u = 0:

∂φ

∂x
= kx =⇒ φ(x, y) =

1

2
kx2 + f(y)

∂φ

∂y
= f ′(y) and

∂φ

∂y
= −ky =⇒ f(y) = −1

2
ky2 + constant

φ(x, y) =
1

2
k(x2 − y2) + constant

Similar calculations for ψ(x, y):

ψ(x, y) = kxy

Sources/Sinks In 2D We now introduce the concept of sources and sinks

• Any point in a 2D fluid where fluid is created or injected is called a source.

• Any point in a 2D fluid where fluid is destroyed or removed is called a sink.
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For them we expect the flow to be radial, uθ = 0 and ur = ur(r). ie the flow
comes out from a point and the velocity depends on the distance from that point.

u = urr̂ + uθθ̂

∇.u =
1

r

∂

∂r
(rur) +

1

r

∂uθ
∂θ

So for a source:
∇.u =

1

r

∂

∂r
(rur)

And for an incompressible flow:

rur = constant

As ∇.u = 0.

So we define the flow associated with a source to be:

ur =
Q

2πr
, uθ = 0

Where Q is a constant known as the source strength.

Q > 0 For a source and Q < 0 For a sink

In Cartesian Coordinates

u = ur(cos θ̂i + sin θ̂j) =
Q

2πr
(cos θ̂i + sin θ̂j) =

Q

2πr2
(x̂i + ŷj) =

Q(x̂i + ŷj)

2π(x2 + y2)

For a source/sink at the origin, this produces:

u =
Qx

2π(x2 + y2)
v =

Qy

2π(x2 + y2)

In polar coordinates the curl is given by:

∇× u =
1

r

(
∂

∂r
(ruθ)−

∂ur
∂θ

)
k̂

Hence∇×u = 0 (except at the r = 0 singularity). Because of this a potential
exists, from u = ∇φ we find φ only depends on r and ∂φ

∂r
= ur. ie

φ(r) =
Q

2π
ln(r)
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(a) Source (b) Vortex

Figure 8: a) Streamlines and Equipotentials for a source/sink b) and for a vortex

Vortex in 2D There are a limited number of primitive flows which have∇×u =
∇.u = 0.

∇.u =
1

r

∂

∂r
(rur) +

1

r

∂uθ
∂θ

and ∇× u =
1

r

[
∂

∂r
(ruθ)−

∂ur
∂θ

]
k̂

Sources/sinks: uθ = 0; rur = constant
Vortex: ur = 0; ruθ = constant
So vortex flow has ur = 0 and uθ = Γ

2πr
where Γ is the strength of the vortex.

Note u = uθθ̂ but ∇× u = 0 so the flow is irroatational. The circulation is given
by:

Γ =

∮
c

u.dr =

∫
s

∇× u.ndA

From Kelvin’s theorem DΓ
Dt

= 0. For a vortex Γ = 0 unless C goes around the
vortex origin. To see this look at a small circle (radius δ) around the origin.

Γ3 =

∮
c3

u.dr =

∫ 2π

0

Γ

2πδ
δdθ =

Γ

2π

∫ 2π

0

dθ = Γ

2.5 Superposition Of Basic Flows
Laplace’s equation is linear, hence if a and b are constants:

∇2(aφ1 + bφ2) = a∇2φ1 + b∇2φ2

So if φ1 and φ2 solve Laplace’s equation then so does any linear superposition
of the two solutions.
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2.5.1 Examples

Doublet A doublet is equivalent to a dipole in electrostatics. Place a source of
strength Q at the origin and a sink of strength −Q at x = ε; y = 0. Taking the
limit ε→ 0, Q→∞ such that εQ is finite.

Figure 9: Diagram of the doublet system

φ =
Q

2π
ln(r)− Q

2π
ln(r′) =

Q

2π
ln(

r

r′
) =
−Q
4π

ln

(
r′2

r2

)
=
−Q
4π

ln

[
(r− δs)2

r2

]
as δs.r = ε|r| cos θ

φ =
Q

2π

(
ε

|r| cos θ
+ ...

)
The higher order terms (ε2, ε3, ...) all disappear as ε → 0 even if Q → ∞.

Therefore φ is given by:

φ(r, θ) =
µ

r
cos θ where µ =

Qε

2π

But u = ∇φ = ∂φ
∂r

r̂ + 1
r
∂φ
∂θ
θ̂, this gives:

ur =
−µ
r2

cos θ; uθ =
−µ
r

sin θ

ie it falls off like 1
r2

(c.f 1
r

for sources and sinks). Using the partial differential
equations for stream lines leads to the stream function:

ψ(r, θ) =
−µ
r

sin θ

Streamlines are lines of constant ψ, ie r = A sin θ where A is a constant. To
see that these are circles use r = A sin θ to write:

x = r cos θ =
A

2
(2 sin θ cos θ) =

A

2
sin 2θ

y = r sin θ =
A

2
(2 sin2 θ) =

A

2
(1− cos 2θ)
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This leads to:

x2 +

(
y − A

2

)2

=
A2

4

ie a circle centred at
(
0, A

2

)
with radius A

2
.

Figure 10: Streamlines around a Doublet

Uniform Flow Past A Circle Since the streamlines for a doublet are circles we
should be able to describe uniform flow past a circle by superposing a doublet and
uniform flow. For uniform flow at an angle α to the x axis:

φ = Ux cosα + Uy sinα

Hence for uniform flow along the x-axis and a doublet:

φ(r, θ) =
(
Ur +

µ

r

)
cos θ

And the different components of the velocity are given by:

ur =
∂φ

∂r
=
(
U − µ

r2

)
cos θ; uθ =

1

r

∂φ

∂θ
= −

(
U +

µ

r2

)
sin θ

Requiring the boundary condition ur = 0 when r = a, ie choose doublet
strength µ so thatµ = a2U . This means the potential for flow past a circle radius
a is:

φ(r, θ) = U

(
r +

a2

r

)
cos θ

And the stream function is:

ψ(r, θ) = U

(
r − a2

r

)
sin θ
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Figure 11: Streamlines for a Cylinder in a uniform flow

The pressure around the circle can be found using Bernoulli’s equation, for a
homogeneous fluid (ρ = constant) with zero gravity:

1

2
u2 +

p

ρ
= constant

Now the velocity components are:

ur = U

(
1− a2

r2

)
cos θ; uθ = −U

(
1 +

a2

r2

)
sin θ

As on the circle ur = 0→ u2 = u2
θ. This is zero when θ = 0, π and these are

known as stagnation points. It has a maximum value of 4U2 when θ = π
2
, 3π

2
. So

suppose that p0 is the pressure at a stagnation point on the circle, then:

1

2
u2 +

p

ρ
=
p0

ρ
→ p = p0 −

ρu2

2
= p0 − 2ρU2 sin2 θ

This pressure is a minimum when θ = 0, π where the velocity is zero and a
maximum when θ = π

2
, 3π

2
. Since sin(θ + π) = − sin(θ), the pressure on either

side of the diameter is equal and there is no net force on the circle.
Basic ideas of superposition:

1. Replace actual body with some superposition of potentials such that the
surface of the body coincides with a streamline of the superposed flow.
Bernoulli’s equation can then be used to calculate the pressure around the
body (is there a net force?)

2. Flows past 2D cross sections→ Flows past 3D shapes

Other ways to find the motion of inviscid flow in particular geometries:

1. The method of images- tells how to position sources and sinks to create
lines of constant ψ.
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2. Complex variables- introduce complex potential, w = φ+ iψ and the com-
plex co-ordinate z = x+ iy. This allows for the powerful tools of complex
analysis to be used.

3. Solve Laplace’s equation directly using methods such as separation of vari-
ables and Fourier transforms.

2.6 Aerofoil Theory
1894: Lanchester ”The soaring of birds and possibilities of mechanical flight”.
1901: Wright brothers build a glider (failure).
1900-1910: Theory and experiment worked out.
Birds wings and dolphins fins are examples of aerofoils. An aerofoil has a rounded
leading edge and a sharp trailing edge.

Consider a flow in 2D that is inviscid (irrotational) and incompressible. Begin
by looking at flow past a cylinder to understand the concept of a lift force (ie
vertical force due to horizontal flow). To generate a lift force on a cylinder add a
vortex flow at r = 0 of strength Γ.

ur = U

(
1− a2

r2

)
cos θ; uθ = −U

(
1 +

a2

r2

)
sin θ +

Γ

2πr

(a) Γ = 0 (b) Case 1 (Γ < 0) (c) Case 2 (Γ < 0) (d) Case 3 (Γ < 0)

Figure 12: Streamlines for a cylinder with a vortex at its centre for a) Γ = 0 and
b), c) and d) with Γ < 0. Taken from Acheson: Elementary Fluid Dynamics.

By Kelvin’s theorem, the circulation past this flow is Γ. To find the stagnation
points for the flow on the surface of a cylinder we set uθ = 0 when r = a. We
then find that sin θ = Γ

4πaU
. There are then three cases, show in Fig. 12a-12d :

1. If
∣∣ Γ

4πaU

∣∣ < 1, there are two stagnation points symmetrically placed about
the y-axis. (Case 1)

2. If
∣∣ Γ

4πaU

∣∣ = 1, there is a single stagnation point at | sin θ| = 1. (Case 2)
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3. If If
∣∣ Γ

4πaU

∣∣ > 1, there are no stagnation points on the surface of the cylinder.
(Case 3)

So looking at case (1) or(2) we can work out the pressure using Bernoulli’s
equation:

p = p0 −
ρ

2

[
Γ

2πa
− 2U sin θ

]2

p0 = pressure at stagnation point

Recalling sin(θ + π) = − sin θ, the pressure at either end of a diagonal are
different. Since sin(π − θ) = sin θ the pressure distribution is symmetric fore
and aft of the cylinder. If there is any net force it must be perpendicular to the
oncoming stream. To calculate the force:
Look at a small element on the cylinders surface a dθ = padθ (per unit length in
the z direction). The force in the y direction is: −padθr̂.j = −pa sin θdθ. So the
net force can be found using:

ρ

2

∫ 2π

0

[
Γ

2πa
− 2U sin θ

]2

a sin θ dθ

Only the cross terms contribute and hence the force in the y direction is:
−ρUΓ. And so if Γ < 0 we get lift.

Figure 13: Flow of fluid past a long thin aerofoil

Long thin aerofoil Upward force (per unit length) on an element dx is (pB −
pT )dx, as shown in Fig. ??. Bernoulli’s equation gives:

pB − pT =
1

2
ρ(u2

T − u2
B) =

1

2
ρ(uT − uB)(uT + uB)

Using the approximation, (uT + uB) = 2U :

pB − pT ≈ ρU(uT − uB)

So the lift is:
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ρU

∫ c

0

(uT − uB)dx

However the circulation is given by Γ = −
∫ c

0
(uT − uB)dx, therefore lift in

the upwards direction is given by: −ρUΓ. The same as for the cylinder discussed
before.

2.6.1 Joukowski’s Lift Theorem

If an irrotational two-dimensional flow with velocity U at infinity surrounds any
closed contour on which the circulation is Γ, the force of the aerodynamic pressure
acts perpendicular to the velocity and equals

−ρU Γ

Note the sign convention we adopt here: the flow is in the positive x-direction
and the lift is in the positive y-direction as shown in Fig. 14. Furthermore we take
the circulation to be anticlockwise. Hence we want Γ < 0 to get lift.

Figure 14: Definition of lift and velocity direction in inviscid flow past an object.

Figure 15: Close to a boundary, a boundary layer forms in which the viscosity of
the fluid is important and over which there is a velocity gradient.

What is Γ? We have inserted this factor by hand but its role is to mimic the
effects of viscosity. Real (i.e. viscous) fluids have a tangential component of
velocity which must be equal to that of the boundary. This is called the no-slip
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Figure 16: Photographs and simulations of a wing at 2 different angles of attack.
For more abrupt pressure changes the boundary layer separates earlier. Images
taken from 1, 2 and 3

condition and holds for any viscous fluid. Γ originates from the drag near the
boundary and depends on the shape of the surface, the viscosity of the fluid, the
nature of the flow and usually has to be determined experimentally.

In practise the flow is mostly inviscid except for a boundary layer, close to the
object, where the viscosity of the fluid becomes important, as shown in Fig. 15.
Unfortunately, there is a further complicating factor: the boundary layer around
a cylinder, for instance, separates from the boundary itself, giving rise to a large
vorticity filled wake. Therefore the lift theorem only holds when the boundary
layer doesn’t separate. Some examples are shown in Fig. 16.

2.6.2 Real aerofoils

We wish to maximize lift and minimize drag.

1. The wake should be as narrow as possible (separation should occur as late
as possible)

2. Since separation occurs through large pressure gradients, the shape of the
body should ensure only gradual changes of pressure occur
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3. Body should taper smoothly to a point downstream, so that the flows meets
smoothly

4. Front end must be rounded to ensure that the velocity is not to great

In some cases the aerofoil may have to be orientated at a suitable angle α
called the angle of attack. This is generally small (of the order 5◦ − 10◦). The
design of aerofoils is the domain of engineers.
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3 Viscous Flow

3.1 Governing Equations And Boundary Conditions (BC)
Navier-Stokes Equation:

ρ
Du

Dt
= ρF−∇p+ µ∇2u (15)

In addition incompressible flow Dρ
Dt

= 0 → ∇.u = 0. Note: the second term of
this equation is non-linear.

Du

Dt
=
∂u

∂t
+ (u.∇)u (16)

Boundary Conditions :
The boundary conditions are similar to that of the inviscid flow case:

1. Non penetrating conditions i.e. if a boundary is moving with a velocity U,
then u.n = U.n on the surface, S. i.e. the normal components are equal.

2. For viscous flow the tangential components must also be equal (Non-slip
condition). i.e. u× n = U× n.

3. From incompressibility we know Dρ
Dt

= 0 and homogeneous fluids have
ρ = constant.

Although note that the second condition does not always follow from
the first, for example we could imagine a flow where (u · ∇)ρ = 0 but ρ
varies in a different spatial dimension to u, which can happen if the flow is
in well defined layers→much like the glaciers in the Arctic when they start
to thaw.

However we will assume ρ = constant. And write the NS equation as:

Du

Dt
= F− 1

ρ
∇p+ ν∇2u (17)

Where ν = µ
ρ

is the kinematic viscosity. The NS equation then has the form:

∂u

∂t
+ ... = ...+ ν∇2u (18)

This looks very like the diffusion equation: ∂T
∂t

= k∇2T (temperature) or ∂c
∂t

=
D∇2c (concentration).
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Substance µ (kg m−1s−1) ν (m2s−1)
Air 1.8× 10−5 1.5× 10−5

Water 1.1× 10−3 1.1× 10−6

Mercury 1.6× 10−3 1.2× 10−7

Olive Oil 9.9× 10−2 1.08× 10−4

Glycerine 2.33 1.85× 10−3

Table 1: Kinematic (ν) viscosity and dynamic viscosity (µ) of some common liq-
uids.

3.2 Uni-Directional Flows In Two Dimensions
First we look at flows between two large plates at y = h and y = −h, under 3
conditions:

1. Plates are at rest and flow is induced by a pressure gradient (plane Poiseville
flow)

2. Flow without a pressure gradient- one plate moves relative to the other
(plane Couette flow)

3. Both 1 & 2 occur at the same time

3.2.1 Plane Poiseville Flow

This is steady flow along a pipe that is horizontal → no gravity and neglecting
external force i.e.

u = ûi; ∇.u = 0→ ∂u

∂x
= 0;

∂u

∂t
= 0; F = 0

Figure 17: Flow along a horizontal pipe

As the flow is incompressible the NS equation collapses down to :

Du

Dt
= 0 = −1

ρ
∇p+ ν

d2u

dy2
î
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Thus we can see that there is no pressure gradient in y

∂p

∂y
= 0

Rearranging we get
∂p

∂x
= µ

d2u

dy2

We see that the LHS only depends on x and the RHS y and hence

dp

dx
= −P = constant i.e. p(x) = Px+ C

µ
d2u

dy2
= −P

Rearranging and integrating twice gives:

u(y) =
−Py2

2µ
+ Ay +B

Applying the BC’s u(h) = 0 and u(−h) = 0 results in:

0 =
−Ph2

2µ
− Ah+B

0 =
−Ph2

2µ
+ Ah+B

Therefore A = 0 and B = +Ph2

2µ
giving the final solution:

u(y) =
P

2µ
(h2 − y2) p(x) = −Px+ C

3.2.2 Effect Of Gravity

Similar setup as before, shown in Fig 18, inclined at an angle α to the horizontal:

Figure 18: Schematic of an inclined pipe
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If we assume that steady flow has been achieved i.e. the fluid is falling at
terminal velocity and we redefine the horizontal axis such that the length of the
pipe is in the x̂ direction, we have the conditions:

∂u

∂t
= 0 (steady) u = u(y)̂i → (u.∇)u = 0

The NS equation in this case can be given as

0 = ρ(g sinα î− g cosα ĵ)−∇p+ µ
∂2u

∂y2
î

where

y-component: 0 = −ρ(g cosα)− ∂p

∂y

x-component: 0 = ρ(g sinα)− ∂p

∂x
+ µ

∂2u

∂y2

Integrating the y component we can find

p(x, y) = ρgy cosα + f(x) −→ ∂p

∂x
=
df

dx

Taking the x component gives:

µ
d2u

dy2
= −gρ sinα +

df

dx

As the LHS is only a function of y and the RHS is only a function of x, set them
both equal to a constant, which we will call −P .

df

dx
= −P + gρ sinα −→ f(x) = −Px+ gρx sinα + C (19)

and integrating the RHS twice gives

µ
d2u

dy2
= −P −→ u(y) =

P

2µ
(h2 − y2) (20)

P (x, y) = −gρy cosα + gρx sinα− Px+ C (21)

A subtle tick has been used here, we have included the effect of gravity in the
pressure term - effectively rewriting the pressure term it can be seen that the force
term can easily be included:

−1

ρ
∇p+ F→ −1

ρ
∇p̃ (22)

41



Physics of Fluids A. McKane

3.2.3 Plane Covette-Poisevelle Flow

Covette flow is where we have two parallel plates confining the fluid where one
plate is stationary and one is moving with a velocity U under the conditions:
p = constant, d2u

dy2
= 0 and u = u(y)̂i. The boundary conditions are, u(h) = U

and u(0) = 0. This results in the equation for velocity being:

u(y) =
Uy

h

Which has been discussed in detail previously.
The combination of Covette flow and Poisevelle flow is where one of the plates

is moving relative to the other with velocity U and there is also a pressure gradient.
We assume steady flow (∂u

∂t
= 0) and no external forces.

Figure 19: Setup for the combination of Covette and Poisevelle flow

In a similar way to the first example the NS equation shrinks to

dp

dx
= µ

d2u

dy2

where p = p(x) and u = u(y) such that

µ
d2u

dy2
= −P −→ u(y) =

−Py2

2µ
+ Ay +B

The two plates are at ±h together with the boundary conditions gives:

u(−h) = 0 =
−Ph2

2µ
− Ah+B

u(h) = U =
−Ph2

2µ
+ Ah+B
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Adding the two terms results in

U =
−Ph2

µ
+ 2B

thus we find

A =
U

2h
& B =

1

2

(
U +

Ph2

µ

)
which leads to

u(y) =
P

2µ
(h2 − y2) +

u

2

(
1 +

y

h

)
p(x) = −Px+ C

Introducing dimensionless variables:

ũ =
u

U
, ỹ =

y

h
& p̃ =

Ph2

2µU

The solution thus collapses down to

ũ = p̃(1− ỹ2) +
1

2
(1 + ỹ)

Figure 20: Velocity profile for
Plane Couette - Poiseville for
different values of the dimen-
sionless pressure p̃

The motivation to use dimensionless vari-
ables is to apply this solution to all scales. For
example, as long as p̃ is fixed, it is possible
to reduce h and change one of the other vari-
ables (U, µ) to keep p̃ constant. This allows the
experimental set up to fit into the lab e.g. a
scaled airplane wing can be tested in a small
wind channel and the results can be applied to
the full sized aircraft.

Another motivation for dimensionless quan-
tities that it allows us to say small and large
without having to specify with respect to what.

3.3 Poiseuille Flow Down Tubes
Here we assume steady flow along a uniform cross section once the flow has
settled down. As before we will have the flow in the x-direction with no x depen-
dency such that the (u · ∇)u is zero and we can solve the equations. Additionally
to the steady state assumption we also consider the case where the pipe is long
and end effects are unimportant and that the cross-section is uniform.

43



Physics of Fluids A. McKane

Figure 21: Setup for Poiseuille flow down a long tube

∂u

∂t
+ (u.∇)u = F− 1

ρ
∇p+ ν∇2u

Taking v = w = 0. In addition to this∇.u = 0⇒ ∂u
∂x

= 0. From the NS equation
∂p
∂y

= ∂p
∂z

= 0 and again p = p(x). The x component of the NS equation is;

0 = −1

ρ

∂p

∂x
+ ν

(
∂2u

∂y2
+
∂2u

∂z2

)
∂p

∂x
= µ

(
∂2u

∂y2
+
∂2u

∂z2

)
So, as before, the LHS only depends on x and the RHS only on y and z, hence

∂2u

∂y2
+
∂2u

∂z2
= −P

µ
dp

dx
= −P → p(x) = −Px+ C

3.3.1 Flow In A Long Circular Tube

Switch to polar co-ordinates y = r cos θ and z = r sin θ. By symmetry u will be
independent of θ, u = u(r).

1

r

∂

∂r

(
r
∂u

∂r

)
= −P

µ

Integrating twice to get u(r) gives:

u = −pr
2

4µ
+ A ln r +B

For a physical flowA = 0 or else the flow would diverge at r = 0. Also if the tube
has a radius a, then due to the no slip condition - u(a) = 0 therefore B = Pa2

4µ
.

Leading to

u(r) =
P

4µ
(a2 − r2) =

P

4µ
(a2 − y2 − z2)
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What is the Flux of volume passing a section of the pipe?
The volume passing a circular ring of radius r per unit time is
u2πr dr and the flux is then given by:

Flux = F =

∫ a

0

ur dr

∫
dθ

=
πp

2µ

[
a2r2

2
− r4

4

]a
0

=
πp

8µ
a4

If p0 and p1 are the pressures at either end of a section of the pipe of length l then,
p(0) = p0 and p(l) = p1. Hence pl = (p0 − p1), therefore:

F =
πa4

8µl
(p0 − p1)

Which gives us Poisseuilles law:

Mass Flux = Fρ =
πρa4

8µl
(p0 − p1) (23)

This is often used to measure the viscosity of fluids.

3.3.2 Flow Down Tubes With A Non-Circular Cross Section

We can appeal to the uniqueness theorem for equations of the form

∂2u

∂y2
+
∂2u

∂z2
= f(y, z)

inside a given region S, where u(y, z) is specified at each point on the boundary.

Example - An Equilateral triangle of sides 2a :
Try the substitution u(y, z) = CB(y, z), where B is the equation of the
boundary such that B = 0 on the boundary. The boundaries are given
by:

y =
√

3a ; z =
1√
3
y ; z =

−1√
3
y

i.e.

B(y, z) =
(
y −
√

3a
)(

z − 1√
3
y

)(
z +

1√
3
y

)
=
(
y −
√

3a
)(

z2 − 1

3
y2

)
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Substituting in u(y, z) = CB(y, z):

∇2CB(y, z) =
−4Ca√

3
(which is constant)

This therefore solves the equation if we choose C such that −4Ca√
3

= P
µ
⇒ C =

√
3P

4aµ
. And finally u(y, z) is given by

u(y, z) =

√
3P

4aµ

(
y −
√

3a
)(

z2 − 1

3
y2

)
And by the uniqueness theorem we know this is the only solution to the problem.

Flow through a pipe of rectangular cross section Fluid flow through a pipe
with a rectangular cross section of length (b, c) has the boundary conditions:

−b ≤ y ≤ b − c ≤ z ≤ c

Trying a solution of the form:

u(y, z) = C(y + b)(y − b)(z + c)(z − c)
= C(y2 − b2)(z2 − c2)

∇2u = 2C
[
(z2 − c2) + (y2 − b2)

]
Which is not constant and is therefore not a solution. This technique has failed
for this specific case, instead we can use the separation of variables. If we take
u(y, z) = K(y2 − b2) which is a particular integral (PI)

∇2[K(y2 − b2)] = 2K

since it satisfies the equation if K = −P
2µ

. If we write the full solution in the form,
u(y, z) = uCF + uPI then:

∇2u = ∇2uCF +∇2uPI

But
∇2u =

−p
µ

= ∇2uPI =⇒ ∇2uCF = 0

Which is Laplace’s equation and is straight forward to solve. Hence u(y, z) is
given by:

u(y, z) =
−p
2µ

(y2 − b2) + uCF (y, z)
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3.4 Time Dependent Flows (Unsteady Flows)
This is once again uni directional flow u = ûi. However the fluid (initially at
rest) is on a moving plate with time dependent velocity u = u(t) thus we let the
velocity of the fluid over the plate be time dependent.

From the NS equation we know, ∂p
∂y

= ∂p
∂z

= 0 and ∂p
∂x

= −P (t).

∂u

∂t
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂y2
+
∂2u

∂z2

)
=
P (t)

ρ
+ ν

(
∂2u

∂y2
+
∂2u

∂z2

)
=
P (t)

ρ
+ ν

(
∂2u

∂y2

)
Where in the last step we have assumed uniform flow in the ẑ direction. Boundary
conditions:

• Upward part of the x,y plane is occupied by fluid

• Boundary at y = 0 has velocity u(t) in the x direction

• There is no pressure gradient in y and z

3.4.1 Examples

1. Sinusoidal motion of the plate of the form u(t) = U cos(ωt). So u(y, t)
satisfies ∂u

∂t
= ν ∂

2u
∂y2

subject to the boundary conditions:

u(0, t) = U cos(ωt)

u(∞, t) = 0

Write the equations for w where u = Re[w], the we get the equations:

∂w

∂t
= ν

∂2w

∂y2

w(0, t) = Ueiωt

w(∞, t) = 0

Write w(y, t) = f(y)eiωt and then find f(y) (See example sheet 2). This
results in:

u(y, t) = U exp

(
−
√

ω

2ν
y

)
cos

[
ωt−

√
ω

2ν
y

]
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How rapidly does the motion die away with y The maximum velocity
umax = U exp

(
−
√

ω
2ν
y
)
. Then to determine how fast it decays we must

look at for example how fast it decays by a factor of 1000. So when umax =
10−3u: √

ω

2ν
y = ln(1000) =⇒ y =

√
2ν

ω
ln(1000)

Suppose that the period of the plates oscillation is 0.1 s and ν = 0.01 cm2s−1

(water), then y ∼ 0.1 cm.

2. The plate, initially at rest, is then brought to some velocity U , which it
is then maintained at.

∂u

∂t
= ν

∂2u

∂y2

Subject ro the boundary conditions:

BC


u(y, 0) = 0 y > 0

u(0, t) = U t > 0

u(∞, t) = 0 t > 0

If we write that:

u(y, t)

U
= f(y, t) and

∂f

∂t
= ν

∂2f

∂y2

Subject to the boundary conditions:

BC


f(y, 0) = 0 y > 0

f(0, t) = 1 t > 0

f(∞, t) = 0 t > 0

f(y, t) is now dimensionless and y, t and ν have dimensions of length [L],
time [T ] and [L2T−1] respectively. From the dimensions of these variables it
can be seen that the only dimensionless arrangement is y√

νt
. Therefore y =

y(η) where η = y√
νt

. We then look for solutions of the form u = Uf(η).

u(y, t) = U

[
1− 2√

π

∫ y

2
√
νt

0

e−z
2

dz

]

This technique of considering the dimensions of several variable is called
the similarity solution.
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4 Flow at small and large Reynolds number

4.1 Dynamic similarity and the Reynolds number
In section 2 we considered inviscid flow (setting µ = 0), this was good for calcu-
lations (such as lift) but did not predict the boundary layer, separation or existence
of a wake.

In section 3 we studied the exact solutions of the NS equation (ie µ 6= 0). In
this section we will try to be more systematic.

Consider a uniform flow in the x direction, past an object of given shape where
the size is characterised by a typical length d. The density of the fluid is given by
ρ = constant and its viscosity is µ.

To look at this we need to introduce dimensionless variables as follows:

x′ =
x

d
, y′ =

y

d
, z′ =

z

d
; u′ =

u

U
, v′ =

v

U
, w′ =

w

U

t′ =
Ut

d
; p′ =

p

ρU2

The equation that govern the flow then become:

1. Equation of continuity:

0 = ∇.u =
∂u

∂x
+
∂u

∂y
+
∂u

∂z
=
U

d

[
∂u′

∂x′
+
∂u′

∂y′
+
∂u′

∂z′

]
2. NS equation

U2

d

∂u′

∂t′
+
U2

d

[
u′
∂u′

∂x′
+ v′

∂u′

∂y′
+ w′

∂u′

∂z′

]
= −1

ρ

ρU2

d

∂p′

∂x′
+
νU

d2

(
∂2u′

∂x′2
+
∂2u′

∂y′2
+
∂2u′

∂z′2

)
Along with similar terms in the y and z direction, leading to

∂u′

∂t′
+ u′

∂u′

∂x′
+ v′

∂u′

∂y′
+ w′

∂u′

∂z′
= −∂p

′

∂x′
+

1

R

(
∂2u′

∂x′2
+
∂2u′

∂y′2
+
∂2u′

∂z′2

)
Here R = Udρ

µ
= Ud

ν
is the Reynolds number. The Reynolds number is

dimensionless but linked to viscosity. A small R indicates a large viscosity
and vice versa. The Reynolds number is a property of the whole system.

3. The Boundary Conditions

u = U ; v = w = 0 at infinity

⇒ u′ = 1 v′ = w′ = 0 at infinity
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also at the boundary:

u = v = w = 0 ⇒ u′ = v′ = w′ = 0

Typical values of R:

• Towing a sphere of d = 1 cm through a fluid at U = 2 cm s−1. R = 200 for
water, R = 2 for olive oil, R = 0.1 for glycerine and R = 0.002 for golden
syrup.

• Large ship travelling at 30 knots, R ≈ 3× 109

• Cricket ball R ≤ 2× 105

4.2 Flow At Small Reynolds Number
In section 3 we found exact solutions when the non-linear term ((u.∇)u)) was
identically zero. Here we will use the fact that this term is negligible whenR� 1.
Inertial term:

|(u.∇)u| = U2

d
|(u′.∇′)u′|

Viscous term:
|ν∇2u| = νU

d2
|∇′2u′|

inertial
viscous

=
U2

d
νU
d2

=
Ud

ν
≡ R

So if R� 1→ inertia term�viscous term.
In the scaling we used previously the pressure term would also be negligible

if R � 1. In fact we cannot scale the pressure by the inertial term ρU2 but must
rather use the ”viscous” scale µU

d
.

Therefore the pressure term becomes |1
ρ
∇p| = µU

d
1
ρ

1
d
|∇′p′| = νU

d2
|∇′p′| of the

same order as the ”viscous” term. So going to the NS equation:

∂u

∂t
+ (u.∇)u = −1

ρ
∇p+ ν∇2u

We assume:

1. the flow is steady

2. R� 1⇒ (u.∇)u is negligible.
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Then

∇p = µ∇2u (24)

This is the creeping flow or Stokes’ flow equation. This equation has to be solved
together with ∇.u = 0 in order to find the velocity and pressure. Different ways
to write this exist:

• Since∇× (∇× g) = ∇(∇.g)−∇2g for any vector g(r, t) as∇.u = 0⇒
∇ × (∇ × u) = −∇2u also ω = ∇ × u hence ∇ × ω = −∇2u and the
equation for creeping flow becomes:

∇p = −µ∇× ω

• We can now use the vector identities ∇ × ∇f = 0 and ∇.(∇ × g) = 0
to decouple p and ω. Taking the divergence of the above equation gives
Laplace’s equation∇2p = 0. Taking the curl of above equation

∇× (∇× ω) = 0

• Using the above and the vector identity ∇ × (∇ × g) = ∇(∇ · g) − ∇2g
leads to

∇2ω = 0

4.3 Axisymmetric flow in three dimensions
Solutions to 2D problems were simplified by the introduction of a stream function
that automatically satisfied∇.u = 0. A stream function can’t in general be found
for 3D flows. However for axisymmetric flows it may be possible. These are flows
that have no dependence on the azimuthal angle φ. In polar coordinates:

x = r sin θ cosφ y = r sin θ sinφ z = r cos θ

ie u = u(r, θ). NB: in terms of notation we have returned to using {r, θ, φ}. The
incompressibility condition is∇.u = 0 and in spherical polar coordinates it is:

1

r2

∂

∂r
(r2ur) +

1

r sin θ

∂

∂θ
(sin θuθ) +

1

rsinθ

∂uφ
∂φ

= 0

The φ term is zero for axis symmetric problems . We can then define the steam
function as follows:

ur =
1

r2 sin θ

∂ψ

∂θ
uθ = − 1

r sin θ

∂ψ

∂r
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This automatically satisfies the incompressibility condition, meaning we have to
take care of one less equation. Let us check:

1

r2

∂

∂r
(r2ur) +

1

r sin θ

∂

∂θ
(sin θuθ) =

1

r2 sin θ

∂2ψ

∂r∂θ
− 1

r2 sin θ

∂2ψ

∂r∂θ
= 0

Note that ∇ · u = 0 and can be solved by u = ∇×A in terms of A, A = ψ
sin θ

φ̂.
Properties of ψ:

∇ψ =
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂ = −r sin θuθr̂ + r sin θurθ̂

u.∇ψ = (urr̂ + uθθ̂).(−r sin θuθr̂ + r sin θurθ̂) = 0

However∇2ψ 6= 0.
For inviscid flow, it is often the case (from Kelvin’s theorem)that ∇× u = 0

and so u = ∇φ and therefore ∇2φ = 0 (even if ∇2ψ 6= 0). The functions φ and
ψ can again be written down for simple flows:

1. Uniform flow: u = U k̂

u = ∇φ ⇒ ∂φ

∂x
= 0,

∂φ

∂y
= 0,

∂φ

∂z
= U ⇒ φ = Uz

in spherical polars φ(r, θ) = Ur cos θ. ie

ur =
∂φ

∂r
= U cos θ, uθ =

1

r

∂φ

∂θ
= −U sin θ, uφ = 0

∂ψ

∂θ
= r2 sin θur = Ur2 sin θ cos θ

∂ψ

∂r
= −r sin θuθ = Ur sin2 θ

Therefore ψ = 1
2
Ur2 sin2 θ + f(θ). Differentiating we find the function as

before
∂ψ

∂θ
= Ur2 sin θcosθ +

∂f

∂θ
⇒ ∂f

∂θ
= 0

So
ψ(r, θ) =

1

2
Ur2 sin2 θ

2. Point source
ur =

Q

4πr2
uθ = 0

Check as an exercise that:

φ = − Q

4πr
ψ = − Q

4π
cos θ

3. Point Doublet:

φ(r, θ) =
µ

r2
cos θ ψ(r, θ) = −µ

r
sin2 θ
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4.3.1 Flow Past A Sphere

We can find the uniform flow past a sphere of radius, a by superposing uniform
flow along the symmetric axis together with a point doublet. Doing this leads to:

φ(r, θ) =
(
Ur +

µ

r2

)
cos θ

For us to do this the flow must be axisymmetric about the z axis. Take a section of
the sphere at fixed z. The flow will only depend on r and the value of z at which
the value is taken.

(a) (b)

Figure 22: Flow past a sphere. a) Fluid flows in at a uniform velocity, a constant
plane in the z direction is shown. b) A cut at a constant value of z, to illustrate
that the problem depends on r and θ but not on φ.

φ(r, θ) =
(
Ur +

µ

r2

)
cos θ

ur =
∂φ

∂r
=

(
U − 2µ

r3

)
cos θ

But ur(a, θ) = 0 (no penetration condition) and hence:(
U − 2µ

a3

)
cos θ = 0 ⇒ µ =

Ua3

2

⇒ φ(r, θ) = U

(
r +

a3

2r2

)
cos θ

ur = U

(
1− a3

r3

)
cos θ uθ =

1

r

∂φ

∂θ
= −U

(
1 +

a3

2r3

)
sin θ
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From the definition of ψ:

∂ψ

∂θ
= r2U

(
1− a3

r3

)
sin θ cos θ

∂ψ

∂r
= rU

(
1 +

a3

2r3

)
sin2 θ

⇒ ψ = U

[
r2

2
− a3

2r

]
sin2 θ + f(θ) =

1

2
Ur2

[
1− a3

r3

]
sin2 θ + f(θ)

∂ψ

∂θ
= r2U

(
1− a3

r3

)
sin θ cos θ +

∂f

∂θ
⇒ ∂f

∂θ
= 0

And finally

ψ(r, θ) =
1

2
Ur2

[
1− a3

r3

]
sin2 θ

Note that ψ(a, θ) = 0 therefore the surface of the sphere r = a is a streamline.

4.3.2 Viscous Flow Past a Sphere

We now return to the subject of viscous flow where R� 1, and look at the classic
problem of flow past a spherical body.

Figure 23: Flow past a sphere.

The problem is axisymmetric — there is no flow around the sphere in the φ
direction — and so by symmetry considerations we look for a solution of the form

ur = ur(r, θ), uθ = uθ(r, θ), uφ = 0.

[See discussion of inviscid flow around a sphere for more on these symmetry
considerations] So we can introduce a stream function ψ which automatically
ensures that the equation of continuity is satisfied.
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What about the Navier-Stokes equation? Well, first we find the vorticity:

ω = ∇× u =
1

r2 sin θ

∣∣∣∣∣∣∣∣∣∣
r̂ r θ̂ r sin θφ̂

∂
∂r

∂
∂θ

∂
∂φ

ur r uθ r sin θuφ

∣∣∣∣∣∣∣∣∣∣
=

r sin θ

r2 sin θ

{
∂

∂r
(r uθ)−

∂ur
∂θ

}
φ̂

=
1

r

{
− 1

sin θ

∂2ψ

∂r2
− 1

r2

∂

∂θ

(
1

sin θ

∂ψ

∂θ

)}
φ̂.

So ω = ωφ φ̂, where

ωφ = − 1

r sin θ

{
∂2ψ

∂r2
+

sin θ

r2

∂

∂θ

(
1

sin θ

∂ψ

∂θ

)}
= − 1

r sin θ
D2ψ,

and where D2 is the differential operator

D2 =
∂2

∂r2
+

sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
.

Now let’s go back to the Navier-Stokes equation. Remember that it reduces to

∇p = −µ∇× ω.

But ω = ωφ φ̂, so

∇× ω =
1

r2 sin θ

∣∣∣∣∣∣∣∣∣∣
r̂ r θ̂ r sin θφ̂

∂
∂r

∂
∂θ

∂
∂φ

0 0 r sin θωφ

∣∣∣∣∣∣∣∣∣∣
=

1

r2 sin θ

{
∂

∂θ
(r sin θωφ) r̂− ∂

∂r
(r sin θωφ) rθ̂

}

=
1

r2 sin θ

{
−∂ (D2ψ)

∂θ
r̂ +

∂ (D2ψ)

∂r
rθ̂

}
,
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since (r sin θωφ) = −D2ψ. So the Navier-Stokes equation gives

∂p

∂r
= − µ

r2 sin θ

{
− ∂

∂θ

(
D2ψ

)}
and

1

r

∂p

∂θ
= − µ

r2 sin θ

{
r
∂

∂r

(
D2ψ

)}
.

That is,

∂p

∂r
=

µ

r2 sin θ

∂

∂θ

(
D2ψ

)
,

∂p

∂θ
= − µ

sin θ

∂

∂r

(
D2ψ

)
.

We can eliminate the pressure, p, as follows:

∂2p

∂θ∂r
=

∂

∂θ

{
µ

r2 sin θ

∂

∂θ

(
D2ψ

)}
∂2p

∂r∂θ
= − ∂

∂r

{
µ

sin θ

∂

∂r

(
D2ψ

)}
Since these are equal, then

µ

r2

∂

∂θ

{
1

sin θ

∂

∂θ

(
D2ψ

)}
+

µ

sin θ

∂2

∂r2

(
D2ψ

)
= 0.

That is,
sin θ

r2

∂

∂θ

{
1

sin θ

∂

∂θ

(
D2ψ

)}
+

∂2

∂r2

(
D2ψ

)
= 0.

But this combination of derivatives is just the operator D2 again. So this equa-
tion may simply be written as

D2
(
D2ψ

)
= 0, or D4ψ = 0.

The boundary conditions which have to be imposed on the solution to this
equation are:

• ur = 0 and uθ = 0 on r = a (no slip and no penetration conditions)

• ur ∼ U cos θ and uθ ∼ −U sin θ as r →∞ (uniform stream at infinity)

In terms of ψ(r, θ) these conditions are:

∂ψ

∂r

∣∣∣∣
r=a

= 0;
∂ψ

∂θ

∣∣∣∣
r=a

= 0; ψ ∼ 1

2
Ur2 sin2 θ at infinity.

The solution to D2 (D2ψ) = 0 which satisfies these boundary conditions is
(see Question 5, Example Sheet 3):

ψ(r, θ) =
1

2
Ur2

(
1− 3a

2r
+

a3

2r3

)
sin2 θ.
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Checks:-

∂ψ

∂r
=

(
Ur − 3

4
Ua− 1

4
U
a3

r3

)
sin2 θ = 0, when r = a X

∂ψ

∂θ
=

1

2
Ur2

(
1− 3a

2r
+

a3

2r3

)
2 sin θ cos θ = 0, when r = aX

ψ ∼ 1

2
Ur2 sin2 θ as r →∞X

Then

ur =
1

r2 sin θ

∂ψ

∂θ
= U

(
1− 3a

2r
+

a3

2r3

)
cos θ,

uθ = − 1

r sin θ

∂ψ

∂r
= −U

(
1− 3a

4r
− a3

4r3

)
sin θ.

We can now find the pressure from the Navier-Stokes equations. One finds
that (see Question 6, Example Sheet 3)

p(r, θ) = p∞ −
3µUa cos θ

2r2
,

where p∞ is the pressure at infinity.
One quantity we would like to calculate is the drag on the sphere caused by

the viscosity of the fluid. To do this we need to calculate the elements of the stress
tensor (forces per unit area). We know the stress tensor in Cartesian coordinates:

σbc = −pδbc + µ

(
∂ub
∂rc

+
∂uc
∂rb
− 2

3
δbc∇u

)
+ ζ δbc∇u,

with ∇u = 0 since the fluid is incompressible, and it is easier to rewrite u and p
in Cartesian coordinates in order to find σbc.

To do this we begin from the definitions:

ur = u.r̂ = u sin θ cosφ+ v sin θ sinφ+ w cos θ

uθ = u.θ̂ = u cos θ cosφ+ v cos θ sinφ− w sin θ

uφ = u.φ̂ = −u sinφ+ v cosφ.

Multiplying the first equation by sin θ and the second equation by cos θ and
adding them; also multiplying the first equation by cos θ and the second equation
by sin θ and subtracting them, and leaving the third equation unchanged gives

ur sin θ + uθ cos θ = u cosφ+ v sinφ

ur cos θ − uθ sin θ = w

uφ = −u sinφ+ v cosφ.
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Multiplying the first equation by cosφ and the third equation by sinφ and
subtracting them; also multiplying the first equation by sinφ and the third equation
by cosφ and adding them, and leaving the second equation unchanged gives

u = (ur sin θ + uθ cos θ) cosφ− uφ sinφ

v = (ur sin θ + uθ cos θ) sinφ+ uφ cosφ

w = ur cos θ − uθ sin θ

All this is general. Now we use the results for Stokes flow past a sphere. One
finds (in addition to uφ = 0):

ur sin θ + uθ cos θ =
3Ua

4r

(
a2

r2
− 1

)
sin θ cos θ

ur cos θ − uθ sin θ = U

(
1− 3a

4r
− a3

4r3

)
+

3Ua

4r

(
a2

r2
− 1

)
cos2 θ.

This leads to the following results for the Cartesian components for the veloc-
ity in Stokes flow past a sphere:

u =
3Ua

4r3

(
a2

r2
− 1

)
xz, v =

3Ua

4r3

(
a2

r2
− 1

)
yz

w = U

(
1− 3a

4r
− a3

4r3

)
+

3Ua

4r3

(
a2

r2
− 1

)
z2.

Also
p = p∞ −

3µUaz

2r3
.

So, in summary, we have

ub = U

(
1− 3a

4r
− a3

4r3

)
δb3 +

3Ua

4r3

(
a2

r2
− 1

)
rbr3,

p = p∞ −
3µUar3

2r3
,

where it is understood that r = (r1, r2, r3) and r2 = r2
1 + r2

2 + r2
3. We can now

calculate the velocity gradients:

∂ub
∂rc

= Uδb3
∂

∂rc

{
1− 3a

4r
− a3

4r3

}
+

∂

∂rc

{
3Ua

4r3

(
a2

r2
− 1

)}
rbr3 +

3Ua

4r3

(
a2

r2
− 1

)
∂

∂rc
{rbr3} .
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But
∂r

∂rc
=

1

2r

∂r2

∂rc
=

1

2r
2rc =

rc
r
.

So carrying out the differentiation, and setting r = a, since we are interested in
the stresses on the surface of the sphere, we find that

∂ub
∂rc

∣∣∣∣
r=a

=
3U

2a

(rc
a
δb3 −

rbrcr3

a3

)
.

The force per unit area is the stress Σb =
∑

c σbcnc, where n is the unit outward
normal. Therefore

Σb =
∑
c

σbcr̂c =
∑
c

σbc
rc
a

= −prb
a

+
3µU

2a

∑
c

[rc
a
δb3 +

rb
a
δc3 − 2

rbrcr3

a3

] rc
a

= −prb
a

+
3µU

2a

[
δb3 +

rbr3

a2
− 2

rbr3

a2

]
= −prb

a
+

3µU

2a

[
δb3 −

rbr3

a2

]
.

Substituting for p we have that

Σb =

[
−p∞ +

3µUr3

2a2

]
rb
a

+
3µU

2a

[
δb3 −

rbr3

a2

]
= −p∞

rb
a

+
3µU

2a
δb3.

To get the total force we have to multiply by dA = a2 sin θdθdφ,the surface ele-
ment for a sphere of radius a, and integrate. However there is no need to explicitly
do this, since the first term simply gives−p∞

∫
ndA = −p∞

∫
dS and is zero. So

the only force is in the z-direction and is given by 3µU/2a. Since this is a con-
stant, it has simply to be multiplied by

∫
dA = 4πa2.

⇒ Total drag experienced by the sphere is
3µU

2a
4πa2 = 6πaµU,

which is known as Stokes law.

4.3.3 Stokes Law
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Figure 24:
Illustration of
Stokes law

Stokes law can be used to measure the viscosity of a fluid by
dropping a small sphere in the fluid. When it reaches terminal
velocity the system is in a steady state. As the sphere is in a
steady state (no acceleration) all the forces on the sphere bal-
ance. The Stokes drag plus the buoyancy (Fd in Fig. 24) are
equated to the force of gravity (Fg) on the sphere. Note that the
density of the sphere is σ and the density of the fluid is ρ.

4

3
πa3σg =

4

3
πa3ρg + 6πaµU

6πaµU =
4

3
πa3g(σ − ρ)

⇒ µ =
2a2g(σ − ρ)

9U

Assumptions we made to obtain Stokes law were: 1. Steady state and 2. R� 1

• Stokes law works well for R < 1, with no detectable difference in experi-
ments for R < 0.5

• The Stokes solution does have a problem- the velocity far from the sphere is
not predicted very well. The correction to uniform flow 1

r
is too slow. This

can however be corrected (Oseen, Proudman and Pearson)

4.4 Flow at large Reynolds number
Large Reynolds number flows are quite common (ν is small for air and water). We
will mainly be concerned with boundary layer theory R � 1 R = Ud

ν
. Since R

is the ratio of the inertial term ((u.∇)u) to the viscous term (ν∇2u), it is natural
to neglect the viscous term. However this just gives the inviscid flow with no
prediction of drag, separation of the boundary layer, wakes, etc.

The way out of this dilemma was suggested by Prandtl in 1904, he introduced
the idea of a boundary layer:

• Thin layer of fluid near the surface of the solid body where the full viscous
equations hold.

• Solution smoothly joins onto the inviscid solution at the edge of the bound-
ary

We’ll illustrate this by considering the 2D flow at a flat surface. The velocity
adjusts itself from a zero value at the surface to the main stream velocity U1 at
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Figure 25: Flow close to a boundary.

the edge of the boundary layer. The full equations for 2D incompressible viscous
flow are:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

{
∂2u

∂x2
+
∂2u

∂y2

}
(25)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

{
∂2v

∂x2
+
∂2v

∂y2

}
(26)

∂u

∂x
+
∂u

∂y
= 0 (27)

Suppose L is a typical length and U a typical velocity along the boundary layer
and δ is a typical length and V a typical velocity across the boundary layer.

∂u

∂x
∼ U

L

∂v

∂y
∼ V

δ

From equation 27 we would expect U
L
∼ V

δ
ie V

U
∼ δ

L
. We must also ask that the

boundary layer is thin δ � L and so V � U . Now we go to equation 25 and find:

u
∂u

∂x
∼ U2

L
v
∂u

∂x
∼ V U

δ
∼ U2

L
same order

As we know the flow must be time dependent and a function of pressure those
terms must also be of the same order:

∂u

∂t
∼ U2

L

1

ρ

∂p

∂x
∼ U2

L

The corresponding viscous terms are:

ν
∂2u

∂x2
∼ νU

L2
ν
∂2u

∂y2
∼ νU

δ2
∼ νU

L2

(
L2

δ2

)
The equation on the right is much larger than the one to the left therefore we
only need take the right hand term into consideration. We now ask that within

61



Physics of Fluids A. McKane

the boundary layer the surviving viscous term is of the same order as the inertial
terms.

U2

L
∼ νU

δ2
⇒ δ2

L2
∼ ν

LU
= R−1 ie

δ

L
= O(R)−

1
2

This means the theory holds when R � 1. Summary: Equation 25 has a slightly
simplified form:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

∂2u

∂y2
(28)

Now look at equation 26:

∂v
∂t

+ u ∂v
∂x

+v ∂v
∂y

= −1
ρ
∂p
∂y

+ ν ∂
2v
∂x2

+ ν ∂
2v
∂y2

Order: ? UV
L

V 2

δ
? νV

L2
νV
δ2

U2

L
V
U

U2δ
L2

U2δ
L2

U2

L
L
δ

R−1U2δ
L

R−1U2δ
L

(
L
δ

)2

U2δ
L2

U2δ
L2

U2δ
L2

U2δ
L2

(
L2

δ2

)
R−1U2δ

L
R−1U2L

δ

To balance the equations we need 1
ρ
∂p
∂y

= 0 ie p = p(x, t) as it is the largest
term. Actually we determine p(x, t) from the solution to the inviscid equation (at
y = 0) then:

−1

ρ

∂p

∂x
= U1

∂U1

∂x
+
∂U1

∂t

U1(x, t) is the solution to the inviscid equation at y = 0. So the equations that
determine the flow are:

∂u

∂x
+
∂u

∂y
= 0 (29)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=
∂U1

∂t
+ U1

∂U1

∂x
+ ν

∂2u

∂y2
(30)

Subject to the boundary conditions:

• No slip and no penetration at the boundary

u = v = 0 when y = 0 (31)

• u(x, y, t) must join smoothly onto U1(x, t) for a suitable value of y

u→ U1 as
y

δ
→∞ (32)
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Figure 26: Illustration of Blasius Flow where the dashed line indicates the bound-
ary layer (not to scale)

4.4.1 Example: flow parallel to a semi infinite plate (Blasius Flow)

Infinitely thin plate with a leading edge at x = 0. The flow is found by taking a
steady state solution of equations 29 and 30 subject to 31 and 32. First we must
find U1(x) but in this case it is simple since incident stream is not affected by the
plate U1(x) = U1 ⇒ ∇p = 0 (see Bernoulli equation). Therefore equations 29
and 30 reduce to:

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
and

∂u

∂x
+
∂u

∂y
= 0

31 and 32 reduce to:

u = v = 0 for y = 0 and x > 0

u = U for y =∞ for all x

We look for a solution which has a scaling form- The velocity profile at any dis-
tance from the leading edge will be a stretched version of the velocity profile at
any other distance x. Look for a velocity which is a function of η = y

g(x)
. We

write that u = U1h(η).
Can satisfy the equation of continuity by introducing a stream function u = ∂ψ

∂y

v = −∂ψ
∂x

⇒ ∂ψ

∂y
= U1h(η)⇒ ψ = Ug(x)

∫ η

0

h(s)ds + k(x)

The plate should be a streamline and hence:

ψ = 0 when η = 0 ie y = 0⇒ k(x) = 0

Therefore

ψ(x, y) = Ug(x)f(η) where f(0) = 0
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We then work out u and v from u = ∂ψ
∂y

and v = −∂ψ
∂x

. Substituting this in u and
v into the NS equation gives:

f ′′′ +
Ugg′

ν
ff ′′ = 0

Where f ′ means ∂f
∂η

and g′ means ∂g
∂x

. Ugg′

ν
must be constant from the equation

above since f only depends on η. Choose g(x) so that Ugg
′

ν
= 1⇒ g(x) =

[
2νx
U

] 1
2 .

In summary ψ(x, y) = (2νUx)
1
2f(η) where η = y

(
2νx
U

)−0.5 and f satisfies f ′′′ +
ff ′′ = 0 subject to the boundary conditions f(0) = 0, f ′(0) = 0, f ′(∞) = 1.
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5 Hydrodynamic Instabilities and Turbulence
Particular flow configuration becomes unstable to small perturbations, these per-
turbations don’t die away but grow taking the system to a new configuration.
Reynolds observed turbulent flows in pipes with this characteristic. He came up
with the idea of a ”critical Reynolds number” at which the flow becomes turbu-
lent. To study this phenomena we need a control parameter which can be slowly
changed so that when a critical value is reached the system becomes unstable.

Examples:
Rotating Couette flow
Fluid contained between two concentric cylinders (radii a1, a2 where a1 > a2)
revolving around a common axis with angular velocity Ω1, Ω2. The simple steady
state has the form u = uθ(r)θ̂ and p = p(r). For the derivation of the form of the
solution see example sheet 4, question 3:

uθ(r) =
a2

1a
2
2

a2
2 − a2

1

[(
Ω2

a2
1

− Ω1

a2
2

)
r +

Ω1 − Ω2

r

]
If we keep Ω2, a1, a2, ν etc constant but slowly increase Ω1 then for Ω1 > Ω

(c)
1

this state becomes unstable. The new state consists of counter rotating Taylor
vortices - superimposed on the mainly rotating normal flow. (See the example at
the entrance to the Schuster building)

5.1 Rayleigh-Benard Instability

(a) (b)

Figure 27: Set up and example of Rayleigh-Bernard Instability a) Schematic with
T1 = T0 and T2 = Td. b) Example of RB Instability, a fluid heated from the bottom
and exposed to the atmosphere.

The set up consists of two large horizontal plates with fluid in between them,
with the plates kept at different temperatures T0, Td where ∆T = T0 − Td > 0.
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If ∆T is small the stable state has u = 0, this is the conduction state where the
fluid doesn’t move. As ∆T increases this state becomes unstable and is replaced
by convection rolls with the warm fluid rising and the cold falling, as shown in
Fig. 27.

5.1.1 The Energy Equation

To analyse this flow we need to use the energy equation, the 5th equation of fluid
dynamics:

ρ
De

Dt
=

3∑
a=1

3∑
b=1

σab
∂ua
∂rb
−∇.q

In section 1.3 we noted σab = −pδab +σ′ab, where the first term is the stress tensor
and on the right hand sides are the terms for pressure and the viscous stress tensor
respectively. Substituting this into the energy equation gives

ρ
De

Dt
+ p∇.u = −

3∑
a=1

3∑
b=1

σ′ab
∂ua
∂rb
−∇.q

Usually∇.u = 0 but lets keep thing general so the continuity equation is ρ∇.u =
−Dρ

Dt
. We now need to introduce the specific volume (volume per unit mass)

v ≡ ρ−1 and the continuity equation becomes:

1

ρ
∇.u =

Dρ−1

Dt

Using this we can rewrite the energy equation:

ρ
De

Dt
+ pρ

Dv

Dt
=

3∑
a=1

3∑
b=1

σ′ab
∂ua
∂rb
−∇.q

or
De

Dt
+ p

Dv

Dt
= −v

3∑
a=1

3∑
b=1

σ′ab
∂ua
∂rb
− v∇.q

Now recall the fundamental thermodynamic relation: dE = TdS − pdV or per
unit mass de = Tds−pdv. When applied to each small cell of fluid, e, v, p, s, T all
become functions of position and time. Divide the fundamental thermodynamic
relationship by dt and ”follow the flow”:

De

Dt
+ p

Dv

Dt
= T

Ds

Dt
and then the energy equation can be written as:

T
Ds

Dt
= −v

3∑
a=1

3∑
b=1

σ′ab
∂ua
∂rb
− v∇.q
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5.1.2 Analysing the RB instability

We need to simplify the problem: the simplest is the Boussinesq approximation.

1. We know ρ = ρ(P, T ) (equation of state) and S = S(P, T ) (thermodynam-
ics). The flow is buoyancy driven (i.e. by the temperature difference) not
pressure driven so we can ignore the pressure dependence in ρ and S. Also
∇T is not too large, so we can assume:

ρ = ρ0 [1 + αp(T0 − T )] and S = S0 + cp
T − T0

T0

where:
αp = −1

ρ

(
∂ρ
∂t

)
p

is the thermal expansivity and
cp = T

(
∂S
∂T

)
p

is the specific heat per unit mass.

2. Variations in density are only taken into account in the buoyancy term in the
NS equations

3. Assume the fluid properties µ, cp, αp etc. are constant

With these assumptions:

• Equation of continuity is unchanged∇.u = 0

• NS equation become:

ρ
Du

Dt
= ρF−∇p+ µ∇2u

ρ0
Du

Dt
= ρ0 [1 + αp(T0 − T )] F−∇p+ µ∇2u

• Energy equation: ignore viscosity σ′ab ≡ 0

ρT
DS

Dt
= −∇.q = κ∇2T (q = −κ∇T Fouriers law)

DS

Dt
=
∂S

∂t
+ (u.∇)S

But
∂S

∂t
=
cp
T0

(
∂T

∂t

)
and ∇S =

cp
T0

∇T by assumption

and hence:
DS

Dt
=
cp
T0

(
DT

Dt

)
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Using this and setting ρT = ρ0T0 we get:

DT

Dt
=

κ

ρ0cp
∇2T

The equations for the Boussinesq model are then:

∇.u = 0 (33)

ρ0
Du

Dt
= ρ0 [1 + αp(T0 − T )] F−∇p+ µ∇2u (34)

DT

Dt
= DT∇2T (35)

where DT = κ
ρ0cp

. Note that Du
Dt

and DT
Dt

contain non-linear terms in (u · ∇)u and
(u · ∇)T respectively.

5.1.3 Solutions to RB problem

Is there a solution with u = 0? Yes, see examples sheet 4, question 4!

T (z) = T0 −
z

d
∆T ∆T = T0 − Td

For what value of ∆T does this state become unstable? We can find this value
using linear stability analysis: we perturb the state with a small perturbation and
see whether the perturbation dies away or grows exponentially. Label the steady
state solution with a subscript ’s’.

u(r, t) = us(r, t) + ũ(r, t) = ũ(r, t)

T (r, t) = Ts(r) + T̃ (r, t) = T0 −
z

d
∆T + T̃

p(r, t) = ps(r) + p̃(r, t)

And keep terms linear in ũ, T̃ , p̃. The only non-linear terms are (u.∇)u and
(u.∇)T .
To solve this we need to introduce dimensionless quantities:

Natural unit of length = d ⇒ r′ = r
d

Natural unit of time = d2

DT
⇒ t′ = DT

d2
t

Natural unit of velocity = DT
d

⇒ u′ = d
DT
u

Natural unit of mass= ρ0d
3

Natural unit of pressure =
ρ0D2

T

d2
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If we apply this to the quantities with the tilde we find:

∇′.u′ = 0

∂ũ′

∂t′
= (Pr)∇′2ũ′ −∇′p̃′ + (Pr)T̃

′k̂

∂T̃ ′

∂t′
= Rũ′k̂ +∇′2T̃ ′

Where Pr ≡ ν
DT

is called the Prandtl number and R ≡ αpgd3∆T

DT ν
is called the

Rayleigh number. The Prandtl number is the ratio of the viscous diffusion to
the thermal diffusion, this is a property of the fluid not the flow. The Rayleigh
number is the ratio between the buoyancy and thermal effects, a dimensionless
temperature. Solving the linear equations one finds (with the ’ dropped):

Fluid Pr Fluid Pr
Air 0.7 Mercury 0.025
Oil > 10 Water 6 or 7

Table 2: Prandtl numbers for specific fluids

W̃ (r, t) = W (z)ei(kxx+kyy)eλt

T̃ (r, t) = θ(z)ei(kxx+kyy)eλt

P̃ (r, t) = Π(z)ei(kxx+kyy)eλt

where W̃ , T̃ and P̃ are dependent on the boundary conditions. The important
point is when does λ develop the real component so that as time increases W̃ , T̃
and P̃ blow up?
Answer: whenR = Rc = 1707.76 at this point

√
k2
x + k2

y = 3.12
d

.
Can we get some insight into the region where R > Rc. Scale the quantities

as before but do not throw away the non linear terms. Then try Fourier decompo-
sition.

T (r, t) =
∑
n,m

anm(t)

(
sin
cos

)
nπz

d

(
sin
cos

)
mπx

L

W (r, t) =
∑
n,m

bnm(t)

(
sin
cos

)
nπz

d

(
sin
cos

)
mπx

L

All modes interact and it is a complete mess, so throw away all modes except the
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two constant temperature modes and a velocity mode.

W (x, y, t) = a(t) sin
πz

d
cos

πx

L

T (x, y, t) = b(t) sin
πz

d
cos

πx

L
+ c(t) sin

2πz

d

You get three ordinary differential equations for three time dependent amplitudes:
a(t), b(t), c(t). Rescale them and call them x(t), y(t), z(t) (not coordinates),
also set r = R

Rc , σ = Pr and b =constant.

dx

dt
= σ(y − x)

dy

dt
= rx− y − xz

dz

dt
= xy − bz

These are the Lorenz equations and they exhibit chaotic behaviour: sensitivity to
the initial conditions.

Figure 28: Example of the Lorenz attractor for ρ = 28, σ = 10, and β = 8/3.
A video of the chaotic nature (sensitivity to initial conditions) of this determin-
istic system can be found at http://en.wikipedia.org/wiki/File:
A_Lorenz_system.ogv . Note that even for coloured balls starting close to
each other the trajectories diverge.
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